We discuss the failure of general relativity to provide a proper Newtonian limit when the spacetime dimensionality is reduced to 2 + 1 and try to bypass this difficulty by assuming alternative equations for the gravitational field. We investigate the properties of spacetimes generated by circularly symmetric matter distributions in two cases: weakening Einstein equations, and by considering the Brans-Dicke theory of gravity. A comparison with the corresponding Newtonian picture is made.
INTRODUCTION
The present attention theoretical physicists devote to lower-dimensional gravity has brought to light the unsolved problem concerning the nonexistence of the Newtonian limit of general relativity when the spacetime dimensionality d is less than four (Jackiw, 1985; Deser et al., 1984) . This results basically from the fact that when d = 2 + 1 the Riemannian curvature is completely determined by the Einstein tensor (R~w~ = E,vpc~GP~). For d = 1 + 1 the situation is more drastic, since in this dimensionality G,v vanishes identically. As a consequence in the first case spacetime must be fiat in regions where matter is absent. In the second case, as was pointed out by Jackiw (1985) , "gravity has to be invented anew since general relativity cannot even be formulated".
In particular, if matter creates no gravitational field outside its location, neither 'planetary' motions nor gravitational waves are allowed to exist in a 2 + 1 spacetime.
In this paper, we restrict ourselves to a (2 + l)-manifold and examine what happens to the above situation when the Einstein field equations are modified. Thus, we take up the classical problem of determining the ~Departamento de Fisica, Universidade Federal da Paraiba, Cx. Postal 5008, CEP 58.051-970, Jo~o Pessoa (PB), Brazil. E-mail: cromero@brufpb.bitnet. gravitational field generated by a spherically (or, better, circularly) symmetric distribution of matter. We approach this problem in two different ways. First, we 'weaken' the Einstein equations in much the same way as did Jackiw (1985) i n his attempt to formulate gravity in 1 + 1 dimensions. Second, we consider the same problem in the light of the Brans-Dicke theory of gravity.
NEWTON'S THEORY OF GRAVITY IN 2 + 1 DIMENSIONS
It is generally accepted that a Newtonian gravitational field due to a spherical matter distribution of mass M and radius ~ in a d = (n + 1)-dimensional spacetime should be expressed by the generalized law (see, for instance, Elmer and Olenick, 1982; Wilkins, 1984) g(r) = --Gg/r n -1
( 1) where G is a constant and r is the distance from the center of the distribution, with r > ~. Thus, if n = 2, this corresponds to the gravitational potential
Then, the equations of motion for a test particle of mass m put in a region exterior to the matter distribution would be given by
where r and 0 are polar coordinates and L is the angular momentum of the particle. On the other hand, the energy conservation equations yield directly
with E being the total energy of the particle. It is clear from the latter equations that the particle cannot escape from the center of force, the permissible orbits being bounded. An illustrative picture may be obtained if we display these orbits in the particle's phase space, where Pr is the radial component of the momentum (see Figure 1 ). In this diagram the equilibrium point r0 [which has the topology of a center (Andronov et al., 1973) ] represents the circular orbit r = ro = Lm -I(MG) -1/2, corresponding to the energy Eo = ( 1/2m)L/r~ + mMG In r0 and a period z = 2rcL(rnMG)-l. So, we arrive at the conclusion that in a
